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Simple Constructions for Elliptic Cubic Curves with Specified Small 
N umbers of Points 
A. D. KEEDWELL 
In a finite desarguesian projective plane of order if', the number of points which an elliptic cubic 
curve can contain is bounded above and below by the Hasse-Weil bounds q + I ± L2,jqj. Our 
purpose here is to provide very simple actual constructions for the equation of a curve which is 
required to have a specified small number of points. As a biproduct we show that an elliptic cubic 
curve having an odd multiple of 7 points cannot exist in a plane of order 2', r odd, and that such 
a curve having an odd multiple of II points cannot exist in a plane of order 2' if r is relatively prime 
to 5. 
INTRODUCTION 
In a finite desarguesian projective plane of order q = p", the number of points which 
an elliptic cubic curve can contain is bounded above and below by the Hasse-Weil bounds 
q + 1 ± L2J qj. In a recent paper, De Groote and Hirschfeld [1] have shown with the aid 
of a computer that, for values of q :( 13, curves containing each of the permissible numbers 
of points exist with the exception that, in a plane of order 8, there do not exist elliptic cubic 
curves with 7 or 11 points. 
However, as Hirschfeld himself has pointed out in his survey paper [4], a much more 
general result is known to the effect that all numbers of points permitted by the Hasse-Weil 
bounds can be attained except certain values of the form q + 1 ± sp, where p is the 
characteristic of the field. The first explicit proof of this general result is attributed to 
Waterhouse [8] though most of the argument is implicit in the much earlier work ofDeuring 
[2]. An alternative proof appears in Ughi [7] which the author attributes to R. 1. Schoof. 
Both proofs make extensive use of the general theory of abelian varieties. Also, recently, 
Schoof [5] has solved the question of how many projectively inequivalent elliptic cubic 
curves exist that have exactly an assigned number N of points over GF[q], again making 
use of the theory of abelian varieties and also of Deuring's work. 
The purpose of the present paper is to present very simple actual constructions for the 
equation of a curve which is required to have a specified small number of points. For this, 
neither the general theory of abelian varieties nor the aid of a computer is necessary. Only 
very elementary properties of the abelian group defined on the points of the curve are 
employed. It turns out also that our procedure leads to a simple geometric 'explanation' for 
the non-existence of cubic curves having exactly 7 or 11 points in a plane of order 8 which 
is alternative to that given by De Groote and Hirschfeld and conceptually simpler than that 
given (less directly) by Waterhouse or Ughi. In fact, it is possible by means of our 
constructions to make a more general statement: namely that an elliptic cubic curve having 
an odd multiple of 7 points cannot exist in a projective plane of order 2' unless r is even and 
that such a curve having an odd multiple of 11 points cannot exist in a plane of order 2' 
unless r is a multiple of 5. (Both results are of course consistent with the general results of 
Waterhouse but take a different form.) 
A main reference source for information about plane cubic curves in finite projective 
planes is Chapter II of Hirschfeld [3] and so we refer the reader to this book for results 
stated without proof in the present paper and for general background information. 
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PRELIMINARY RESULTS 
The fa Hawing facts will be taken to be well-known. 
(a) If two plane cubic curves meet in nine points, then any further plane cubic curve 
which passes through eight of these points necessarily passes also through the ninth. 
(b) A line I which joins two inflexions on a plane cubic curve meets the curve again in 
a third inflexion. [This is an immediate consequence of (a)]. 
(c) If H is any fixed point on a plane cubic curve and P, Q any two further points, an 
operation to be called 'addition of points' can be defined for points on the curve as follows: 
Let chord PQ meet the cubic curve again at the point K. Then the third intersection of the 
line HKwith the cubic curve shall be defined as the point P + Q. By virtue of (a), the points 
of the curve form an abelian group G under this operation which has H as identity element. 
Moreover, if the tangent at H to the cubic curve meets it again at H', then pairs of points 
whose joins pass through H' are pairs of inverses. Furthermore, if and only if the point J 
is an inflexion on the curve, we have 3 J = H'. 
(d) A plane cubic curve may have 0, 1, 3 or 9 inflexions. The inflexions on an elliptic 
curve are the points at which it intersects its Hessian. 
(e) If the abelian group G mentioned in (c) has an inflexion H as identity element then 
H' == H and each triad P, Q, R of collinear points on the curve satisfies P + Q + R = o. 
In a finite projective plane, the group G must be finite and we have the following 
deductions. (All curves from now on are elliptic cubic curves.) 
LEMMA 1. The order of G (equal to the number of points on the curve) is relatively prime 
to 3 when and only when the curve has exactly one inflexion. 
PROOF. If the curve has exactly one inflexion H, the group G with H as identity element 
has H' == H and so any element J such that 3 J = H' == H would be an inflexion. Thus, 
the group G cannot have any element of order 3 and so its order is relatively prime to 3 by 
Cauchy'S theorem. 
Conversely, if ord G is relatively prime to 3, the cubes of its elements are all distinct and 
so 3P1, 3P2 , ••• , 3Pn are the elements of G reordered. Hence, the equation 3 J = H' has 
exactly one solution J in G and this point J is the only inflexion. (The group G here has some 
non-inflexional point H as zero and H' as the third intersection of the tangent at H to the 
cubic with the curve.) 
NOTE. The proof of Lemma 1 given in De Groote and Hirschfeld [1] seems to be not 
quite complete. 
COROLLARY. If an elliptic cubic curve has no inflexion, then the number of its points must 
be a multiple of three. 
LEMMA 2. The order ofG (equal to the number ofpoints on the curve) is an even number 
if and only if either the polar conic of each of its inflexions meets the curve in at least one point 
elsewhere or, in the case when the curve has no inflexion, if and only if the polar conic of at 
least one of its points meets the curve at least twice elsewhere. 
PROOF. By Cauchy's theorem, G has at least one element of order 2. In the case when 
the curve has inflexions, we may take any inflexion as the zero H of G. Then, since pairs 
of points whose join passes through H, and only these, are pairs of inverses of G, the tangent 
at any point which has order 2 in G must pass through H. The polar conic of H must pass 
through each such point. 
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In the case when the curve has no inflexion, the joins of pairs of points which are inverses 
for the group G pass through H'. Let H be any point of the curve and suppose that the 
tangent to the curve at H meets the curve again at H'. If A is a point of order 2 in the group 
G defined on the curve with H as identity, then the tangent to the curve at A passes through 
H'. It follows that the polar conic of H' intersects the curve at both Hand A. 
COROLLARY. If the number ofpoints on an elliptic cubic curve is even, thenfrom each of 
its inflexions at least one tangent and from each of its non-inflexions either none or at least 
two tangents can be drawn to touch the curve elsewhere. If the number of points is odd then 
no tangent can be drawnfrom an inflexion to touch the curve elsewhere and at most one tangent 
can be drawn from a non-inflexion to touch the curve elsewhere. 
PROOF. We shall prove the second statement of the first sentence. Suppose the contrary 
and let H' be a point of the curve from which exactly one tangent can be drawn to touch 
the curve elsewhere. If the point of contact of this one tangent is H, then the abelian group 
G defined on the curve with H as identity has no element of order 2, a contradiction to 
Cauchy's theorem if the order of G is even. The remaining proofs are similar. 
LEMMA 3. If the number of points on an elliptic cubic curve is divisible by the prime number 
p (p > 3) and if - 2 has order r modulo p, then, in the case when the curve has one or more 
inflexions, there exist r-gons AoAl ... A r - 1 ofpoints on the curve such that the tangent to the 
curve at the point Aj is the line AjAj + 1 for i = 0, 1, ... , r - 1, where arithmetic of suffices 
is modulo 4. 
PROOF. By Cauchy's theorem, the abelian group G defined on the curve with one of its 
inflexions as identity element contains elements of order p. Let the point U be an element 
of order p. Then by (e) above, the tangent to the curve at the point U meets the curve again 
at the point - 2U. The tangent to the curve at the point - 2U meets the curve again at the 
point 4U and so on. The result follows since ( - 2)' U == U. 
COROLLARY. If an elliptic cubic curve has exactly p points, p prime, p > 3, then it has a 
single inflexion (by Lemma 1) and its p - 1 points distinctfrom the inflexion separate entirely 
into r-gons. 
LEMMA 4. If the number s of points on an elliptic cubic curve is relatively prime to 6 then 
the curve has a single inflexion whose polar conic does not meet the curve elsewhere. 
PROOF. The result follows directly by combining Lemmas 1 and 2. Note that this lemma 
applies in particular to any curve which has a prime number of points. 
LEMMA 5. If an elliptic curve has three inflexions then the group G with one of these three 
inflexions as identity element has exactly two elements of order 3 and so G ~ 7131 X H, where 
the order of H is prime to 3. In this case the number of points on the curve is a multiple of 3. 
If the curve has nine inflexions, the group G with one of these nine inflexions as identity 
element has eight elements of order 3. Since 7131 has only two elements of order 3, G must take 
the form 7131 x 713, X H with the order of H relatively prime to 3. The number of points on 
the curve is then a multiple of9. 
If an elliptic cubic curve has at least one inflexion then because the polar conic of an inflexion 
is degenerate and meets the curve at most thrice elsewhere, the group G takes the form 
G ~ 7121 X H, where the order of H is odd, if the polar conic of one (and so all) inflexions 
meets the curve once elsewhere; or takes the form G ~ 7121 X 712, X H, where the order of 
H is again odd, if the polar conic of one (and so all) inflexions meets the curve thrice elsewhere. 
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We make repeated use of Lemmas 1 to 5 in constructing elliptic cubic curves which have 
specified numbers of points. 
ELLIPTIC CUBIC CURVES WITH S POINTS, S = 4, 5, 7, 11. 
(1) S = 4. 
By Lemma 1, the curve has one inflexion H and, by Lemma 5, G ~ 7l.4 or 7l.2 x 7l.2 
according as the polar conic of the single inflexion meets the curve once or three times 
elsewhere. In the first case, G is generated by an element (point) U of order 4 and, in the 
second case, its generators are two points U and Veach of order 2 whose sum also has order 
2. Accordingly, the arrangement of points and tangents must be as shown in Figure 1 for 
the first case and as shown in Figure 2 for the second case. In order to obtain a convenient 
form of equation, we may choose the reference points and one of the sub-unit points in the 
way shown. 
2U=-2U 
-~~----------:7\ H(O,I,I) 
(1,0,0) 
FIGURE 1. 
U(O,I,O) 
_~~ ______ ~H(I,O,O) 
FIGURE 2. 
Since all three of the reference points lie on the curve, its equation takes the form 
f == IXIX2y + IX2lz + IX3Z2X + f3l x2z + f32lx + f33z2y + yxyz = 0. 
Then, 
of 
ax 
of 
ay 
af 
oz 
The tangents to the curve at the points «1,0,0), (0, 1,0), (0, 0, 1) are respectively 
IXI y + f3l z = 0, IX2Z + f32X = 0, IX3X + f33Y = 0. 
Thus, with the chosen reference system, we have f31 = - lXI' f32 = IX3 = ° in the case 
when G ~ 7l.4. Since H(O, 1, 1) lies on the curve, it follows also that f33 = - IX2' so the 
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equation of the curve takes the form tilX2(y - z) + a2yz(y - z) + yxyz = O. The polar 
conic of the point H(O, 1, 1) has equation of/oy + of/oz = 0 and this reduces to 
(y + z)(yx + a2 Y - al z) = O. Thus, H is necessarily an inflexion. The inflexional tan-
gent is yx + a2 Y - al z = O. We note that the cubic curve is degenerate if anyone of aI, 
a2 , Y is zero. 
The line z = Ay meets the curve at the point (1,0,0) and at two further points satisfying 
al (1 - A)X2 + yhy + a2 A(l - A)l = O. Consequently, the curve will contain exactly 
four points provided that J {y2 A2 - 4a, a2A(1 - A)2} lies outside the field of co-ordinates 
for all A # 0, 1, 00. (This criterion must be amended when the characteristic of the 
co-ordinate field is 2, see below.) 
In the case when G ~ 7l.2 X 7l. 2 , we may choose the reference points and one of the 
sub-unit points in the way shown in Figure 2. Because the three reference points lie on the 
curve, its equation again takes the formf == al~y + azlz + a3z2x + PIXZZ + P21x + 
P3ZZ y + yxyz = 0 and we shall use this same form throughout the rest of this paper. 
The tangents to the curve at the points U(O, 1, 0), V(O, 0, 1), W(O, 1, 1) in Figure 2 have 
equations z = 0, y = 0, y - z = 0, respectively, so pz = a3 = 0 and a3 + P2 + y = 0, 
(2a2 + P3) + (2P3 + ti2) = O. From the latter two relations, P3 = - a2 and y = - a3 - P2 
= O. Thus, the equation of the curve takes the form al~y + a21z + PIX2Z -
a2z2 Y = O. The polar conic of the point H(I, 0, 0) has equation of/ox = 0 and this 
reduces to x(a l Y + PIZ) = O. Thus, H is necessarily an inflexion. The inflexional tangent 
is al Y + PI Z = O. The cubic curve is degenerate if anyone of aI' a2, PI is zero. 
The line x = AZ meets the curve at the point (0, 1, 0) and at two further points satisfying 
ti21 + (a 1A2 - a2)yz + PIA2Z2 = O. Consequently, the curve will contain exactly four 
points provided that J{(aIAZ - a2) - 4a2PI A2} lies outside the field of co-ordinates for all 
A # 0, 00. (This criterion must be amended when the characteristic of the co-ordinate field 
is 2.) 
To summarize: Every elliptic cubic curve of a finite desarguesian plane which has exactly 
four points must have an equation of one of the two forms a l x 2 (y - z) + a2 yz( Y - z) + 
yxyz = 0 or al~y + a21z + PIX2Z - a2z2y = O. 
However, although every elliptic cubic curve which has exactly four points must have an 
equation expressible in one of the above forms, the converse is not true. An equation of the 
appropriate one of the above forms may represent any curve whose associated group G has 
order a multiple of four and which contains the configuration of Figure 1 or that of 
Figure 2. 
Let us investigate the existence of elliptic cubic curves with exactly four points in a 
desarguesian projective plane of assigned order q. 
q = 2. The field of co-ordinates is GF[2] and so, in the case when G ~ 7l.4 , the equation 
of the curve takes the form f == x 2(y + z) + yz(y + z) + xyz = O. This is non-
degenerate. It contains the four points (1, 0, 0), (0, 1,0), (0,0, 1), (0, 1, 1) but does not 
contain any further points since f(l ,o,l) = 1 + 0 + 0 = 1,1(1.1,0) = 1 + 0 + 0 = I and 
1(1 ,1.1) = 0 + 0 + I = I. 
In the case when G ~ 7l.2 X 7l.2 , the equation of the curve is x2 y + yz( Y + z) + 
x 2 Z = 0 which can be written as (x2 + yz)( Y + z) = 0 and is degenerate. 
q = 3, The field of co-ordinates is GF[3]. A curve with exactly four points for which 
G ~ 7l.4 is the curve x2(y - z) + yz(y - z) + xyz = O. One for which G ~ 7l.2 X 7l.2 
is ~y + yz(y - z) + x 2z = O. In each case, the number of points on the curve must 
be a multiple of 4 and cannot be as many as 8 by virtue of the Hasse-Weil bounds. Alterna-
tively, we may remark that the line z = Ay through the point (I, 0, 0) does not meet the 
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curve elsewhere when A. = -I since, in the first case, .J{y2A.2 - 4(X1(X2A.(1 - A.)2} = 
.J{A.2 - A.(1 - A.)2} = j( - I) which is outside the field, and in the second case, 
.J{(XI).? - (X2)2 - 4(X2PIA } = .J{(A2 - 1)2 - 4A2} = .J( -I). 
For the first curve, the harmonic polar line of the inflexion (0, 1, I) is the line y + z = ° 
and meets the curve at the point (1, 0, 0) only. For the second curve, the harmonic polar 
line of the inflexion (I, 0, 0) is the line x = ° and this meets the curve at the three points 
(0, 1,0), (0, 0, I), (0, 1, I). (cf. Lemma 5 and De Groote and Hirschfeld [I].) 
q = 4. The field of co-ordinates is GF[4] with elements 0, 1, (0, (0 + 1, where (02 = 
(0 + 1. In the case when G ~ lL2 X lL2' the equation of the curve takes the form 
r«(X1 y + Plz) + (X2YZ(y + z) = 0. The line x = AZ meets the curve at the point (0, 1,0) 
and at two further points satisfying (X21 + «(XI A.2 + (X2) yz + PI A.2 ~ = 0. For each A. such 
that (XI A2 + (X2 = 0, the latter quadratic has equal roots within the field since it can be 
written (Ji; y + $. AZ)2 = ° and since, in a field of characteristic 2, each element has an 
exact square root within the field. Now, for a non-degenerate curve, neither (XI nor (X2 can 
be zero, so there is a value of A (namely, A = .J«(X2!(X1» distinct from ° and 00 for which 
the line x = AZ meets the curve at a point distinct from U(O, I, 0). Consequently, the curve 
has more than 4 points. 
This leaves us with the case when G ~ lL4 • The equation of the curve takes the form 
«(XIX2 + (X2YZ)(y + z) + yxyz = 0. The line z = AY meets the curve at the point (1,0,0) 
and at two further points satisfying (XI (I + A)r + yhy + (X2A(1 + A)I = 0. Since 
y :f. ° for a non-degenerate curve, this quadratic cannot have equal roots for any 
A. :f. 0, I, 00. Segre [6] has given a general condition that such a quadratic should have 
distinct roots within a field of characteristic 2 but, in the present situation, it is easier to test 
by direct substitution. In particular, if we choose (XI = (X2 = Y = 1, we get a curve having 
8 points. When A = (0, our quadratic is (02X2 + (OXY + I = ° or (x + y)«(02x + y) = 0. 
When A = (02, our quadratic is (Or + (02 xy + I = ° or (x + Y)«(Ox + y) = 0. Hence, 
the curve with equation (r + yz)( y + z) + xyz = ° contains the eight points (I, 0, 0), 
(0, 1,0), (0,0, 1), (0, 1, 1), (I, I, (02), (I, I, (0), (I, (02, I) and (I, (0, I). On the other hand, 
if, for example, we choose (XI = (0, (X2 = 1, y = 1, we get a curve having exactly four points. 
The curve then has equation «(Or + yz)(y + z) + xyz = 0. The line z = AY meets this 
curve at the point (1, 0, 0) and at two further points satisfying (0(1 + A)~ + AXY + 
A.(I + A)I = 0. When A = (0, this quadratic is ~ + (OXY + I = 0, which does not 
factorize in GF[4]. When A = (02, the quadratic is (02 ~ + (02 xy + I = ° which again 
does not factorize in GF[4]. Thus, the curve «(O~ + yz)( y + z) + xyz = ° contains only 
the four points (1, 0, 0), (0, 1,0), (0, 0, 1), (1, 1, 1). 
We may summarize our conclusions as follows: In PG(2, 2), just one non-degenerate 
elliptic cubic having exactly four points exists. Its equation is (x2 + yz)(y + z) + xyz = ° 
and its group G is isomorphic to lL4 • 
In PG(2, 3), the elliptic cubic curves with equations (r + yz)( y - z) + xyz = ° and 
ry + yz(y - z) + ~z = ° each have exactly four points. Their respective groups G are 
lL4 and lL2 x 1..2, 
In PG(2, 4), any elliptic cubic curve having exactly four points has group G isomorphic to 
lL4. Among such curves is the one with equation «(O~ + yz)(y + z) + xyz = 0. 
The above results are in agreement with those obtained by De Groote and Hirschfeld [I] 
for q = 2, 3, 4. The cases q = 5, 7, 8, 9 can be investigated similarly. 
(2) s = 5. 
The curve has one inflexion H and the group G defined on it must be the cyclic group 
lLs. By Lemma 3, there is a quadrangle of tangents whose vertices are the points U, - 2U, 
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U(O,I,O) 
(0,0,1) 
~----~~ (1,0,0) 2U=-3U -U=4U 
FIGURE 3. 
4V, - 8V == 2V and which has H as the point of intersection of its diagonals (which join 
the pairs of inverses V, - V and 2V, - 2V in G) as illustrated in Figure 3. We may choose 
a co-ordinate system in which the reference points and unit point are as shown. Then H has 
co-ordinates (0, 1, 1). 
The equation of the curve takes the form 
f == !X,ry + !X2 /z + !X3Z2X + p,rz + P2/X + P3z2y + yxyz = 0. 
The tangents to the curve at the points 2V(1, 0, 0), V(O, 1,0), 4V(0, 0, 1) in Figure 3 
have equations z = 0, x = z, y = 0, respectively, and so !x, = !X3 = ° and P2 = -!X2 • 
Then the equation of the tangent to the curve at the point (1, 1, 1) is (-!X2 + 2P, + y)x + 
<P3 + y)y + (!X2 + p, + 2P3 + y)z = 0. This is required to be the line x = y, 
so P3 + y = !X2 - 2PI - y and !X2 + p, + 2P3 + y = 0. Solving these two equations 
for P3 and y, we get P3 = -!X2 and y = !X2 - p,. The equation of the curve becomes 
!X2/(z - x) - !X2Z2y + p,rz + (!X2 - P,)xyz = ° or, say, y(y - z)(z - x) + 
bXz(x - y) = 0, where b = P,/!X2. 
The polar conic of the point H(O, 1, 1) has equation of/oy + of/oz = ° and this reduces 
to/ (x - y - z)(bx - y + z) = 0. Thus, H is necessarily an inflexion. The inflexional 
tangent is bx - y + z = 0. 
The harmonic polar line of the inflexion meets the curve in points given by substituting 
x = y + z in the equation of the curve. This gives the cubic equation - i + /z + 
by~ + bz3 = 0. 
In a projective plane of order q = 2, 4 or 8, the cubic equation - i + / z + yz2 + 
Z3 = ° reduces to (y + Z)3 = ° and so, for b = 1, the polar conic of H does not meet the 
curve except at H. By Lemma 2, the number of points on the curve cannot then be even 
(that is, it cannot be ten) and so, since G contains an element V of order 5, the curve 
y(y - z)(z - x) + xz(x - y) = ° contains exactly five points in these cases. 
Also, when q = 3 or 5, the cubic - y3 + / z + y~ + Z3 = ° does not factorize in 
GF[q] so the same curve has exactly five points in these cases also. 
When q = 7, the cubic - i + /z + y~ + Z3 = ° splits off the linear factor (-y + 3z) 
so in the plane of order 7, the cubic curve y(y - z)(z - x) + xz(x - y) = ° has ten 
points. However, the cubic - i + /z + 2y~ + 2z3 = ° is irreducible in GF[7], so the 
cubic curve y( y - z)(z - x) + 2xz(x - y) = ° has exactly five points. (It cannot have as 
many as fifteen points by virtue of the Hasse-Weil bounds.) 
To summarize: In PG(2, q) for q = 2, 3, 4, 5, 8, the elliptic cubic curve with equation 
y( y - z)(z - x) + xz(x - y) = ° contains exactly five points. In PG(2, 7), this curve has 
ten points but the curve with equation y( y - z)(z - x) + 2xz(x - y) = ° has exactly five 
points. 
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U(O,I,Ol 
FIGURE 4. 
These results again agree with those obtained by De Groote and Hirschfeld [1]. 
Next we discuss the interesting cases s = 7 and s = 11. 
(3) s = 7 
By Lemma I, the curve has one inflexion and, by Lemma 3, the six points distinct from 
the inflexion H have tangents which form a hexagon. The six vertices of this hexagon are 
the points U, - 2U, 4U, - 8U = - U, 2U and - 4U. Opposite pairs of vertices of the 
hexagon are inverses in G and consequently their joins pass through H. In addition, the two 
triads of points U, 4U, 2U and - U, - 2U, - 4U are collinear since each triad has sum zero 
in G. It follows that the seven points of the curve and their tangents form the configuration 
of the first minor theorem of Pappus as shown in Figure 4. 
To obtain a convenient form of equation, we take the points U, 3U, 2U as reference 
points (1,0,0), (0, 1,0), (0, 0, 1), respectively, and the point H as unit point (1, 1, 1). We 
assign the point - U co-ordinates (1, a, 1) and it then follows that the points 4U and - 2U 
have co-ordinates (0, 1, 1) and (a, a, 1) respectively. 
Proceeding in much the same way as we did for the case s = 5, we find that the equation 
of a cubic curve which has exactly seven points must be expressible in the form al z + 
(a2 - a)rz - xl - ayz2 - (a2 - a - l)xyz = 0 for a suitable value of a. 
For this curve, the equation of the polar conic of the point H(I, 1, 1) is {ax + 
(1 - a)y - z}{(a - l)x - Y + az} = 0 so H is automatically an inflexion. The 
equation of the inflexional tangent is ax + (1 - a)y - z = o. 
In a projective plane of order 3,5 or 7, we may take a = - 1 and thence obtain an elliptic 
cubic curve with exactly 7 points. In a projective plane of order 4, we may take a = w, 
where w2 = w + 1. In the latter case, the polar conic of the inflexion is a repeated line. In 
none of these cases does the polar conic of the inflexion meet the curve elsewhere. 
Thus, we may say in summary that, in finite desarguesian planes of orders 3,5 and 7, the 
elliptic curve with equation l z - 2x2 Z + xl - yz2 + xyz = 0 has exactly seven points 
and in a plane of order 4, the curve with equation wl z + x2 Z - xl - wyz2 = 0 does so. 
In general, the points of intersection of the polar conic of the inflexion H with the curve 
elsewhere are given by the intersections of the curve with the line y = (a - l)x + az. 
On substituting into the equation of the cubic curve, we get the equation (a - l)x3 + 
(a - l)x2z - a(a - 2)XZ2 - dz3 = 0 connecting x and z. If the field of the co-ordinates 
has characteristic 2, the left-hand side reduces to (a + 1)(x3 + x2z) + a2(xz2 + Z3) and 
factors into the form (x + z)(va+ix + az)2. So, in this case, the polar conic meets the 
curve at the point L(a, a(a + 1 + va+i), va+i) as well as H. When q = 4, each 
element a of GF[q] distinct from 0, 1 satisfies the relation a2 = a + 1. In that case, the 
point L coincides with H (as already shown above). When q = 2', r odd, L is distinct from 
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FIGURE 5. 
H and lies in the co-ordinate field GF[q] because every element a + 1 of a field of 
characteristic 2 has an exact square root in the field. It follows at once from Lemma 2 or 
Lemma 4 that in a projective plane of characteristic 2 and of order an odd power of 2, the 
curve has an even number of points and so no curve containing an odd multiple of seven 
points or, in particular, exactly seven points can exist. (In particular, in a plane of order 8, 
the curve contains 14 points as De Groote and Hirschfeld [I] have shown.) 
(4) s = 11 
By Lemma 1, the curve has one inflexion and, by Lemma 3, the ten points distinct from 
the inflexion H separate into two pentagons. One comprises the points U, - 2U, 4U, 
- 8 U == 3 U, 16U == 5 U and the other the inverses of these, where U is an element of order 
11 in the group G. Also, each set of three points whose sum is zero modulo 11 is a collinear 
set. Consequently, the eleven points of the curve and their tangents form the configuration 
shown in Figure 5, where additionally the triads of points A, N, L; B, J, M; C, K, N; 
D, L, J and E, M, K are collinear. 
We may choose the points A, B, C as reference points, the point D as unit point, and then 
Jon ACmay be assigned co-ordinates (1,0, a) and K on BD assigned co-ordinates (b, I, b). 
The tangents to the curve at the points A(I, 0, 0), B(O, 1,0), qo, 0, 1) are z = 0, x = 0, 
x - y = 0, respectively, whence IXI = 1X2 = 0 and /33 = -1X3 . The tangent to the curve at 
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the point J(I, 0, a) has equation -abx + (a - I)y + bz = ° so 
From these equations, /31 = -(1.3a and y = (ab + a - b)(1.3. On writing (j = /32/(1.3, the 
equation of the curve becomes Z2 X - arz + (j/x - Z2 y + (ab + a - b)xyz = 0. 
Since the point D(1, 1, 1) lies on the curve, (j = b - abo Thus, the equation of a curve 
which contains exactly eleven points must be expressible in the form f == Z2(X - y) -
arz + (b - ab)x/ + (ab + a - b)xyz = 0, where a and b are suitably related. 
The line AD has equation y - z = ° and meets the curve at A, D and M. Putting y = z 
in the equation of the curve we find that M has co-ordinates (1, a, a). We note that the 
required collinearity of B, J, M then follows automatically. 
Since H lies on AK and on CM, it has co-ordinates (1, a, ab). We note that this point 
automatically satisfies the curve equation. 
The point E lies on JH and so it has co-ordinates of the form (1 + d, a, ab + ad). It 
lies also on the tangent to the curve at the point D(I, I, 1). This latter tangent has equation 
x + (b - l)y - bz = 0. On substituting the co-ordinates of E, we find that d = 
(1-a+ab-ab2)/(ab-I),whenceEhasco-ordinates[(1-W, I-ab,(1-b)(a - I)]. 
(A check shows that these co-ordinates satisfy the equation of the curve.) 
Since the point L lies on BH with equation abx - z = ° and on CE with equation 
(l - ab)x - (1 - W y = 0, we find that L has co-ordinates [(1 - b)2, 1 - ab, 
ab(l - W]. 
Since the point N lies on BE with equation (1 - a)x + (1 - b)z = ° and on DH with 
equation a(I - b)x + (ab - I)y + (1 - a)z = 0, we find that N has co-ordinates 
[(b - 1)(1 - ab), 1 - 3a + a2 + 2ab - ab2, (1 - a)(1 - ab)]. 
The intersections of the line BE [equation x = z(1 - b)/(a - 1)] with the curve are 
given by substituting for x in the equationf = 0. The resulting equation in y and z factors 
into the form 
[ ab-I J[I-b ] z a-I z + (1 - b)y a-I z - by = 0. 
Hence, BE meets the curve at B, E and at a third point with co-ordinates (b - 1, 
(b - I)/b, 1 - a). This point must be N so, to reconcile the different y co-ordinates found 
for N, we require (b - I)/b = (1 - 3a + a2 + 2ab - b2)/(1 - ab). That is, we require 
that 1 - 4ab + a2b + 3ab2 - ab3 = 0. 
We find that this same condition, which can be written in the alternative form 
(1 - a)(1 - ab) + a(l - b)3 = 0, also ensures that the line CE meets the curve again at 
L, that the tangent at E meets the curve again at A and that each of the triads of points C, 
K, N; D, L, J; E, M, K; and A, N, L are collinear. Thus, we have the theorem: 
THEOREM 1. If 7r. is afinite projective plane of order q which contains an elliptic cubic curve 
with eleven points or a multiple thereof, it must be possible to choose a co-ordinate system for 
7r. in such a way that the equation of the curve takes the form Z2(X - y) - ax2z + 
b(1 - a)x/ + (ab + a - b)xyz = 0, where a and b are related by the condition 
(1 - a)(1 - ab) + a(1 - b)3 = ° and where the unique inflexion H on the curve has 
co-ordinates (1, a, ab). 
Now the polar line of H has equation x(of /OX)H + y(of /OY)H + z(OflOZ)H = 0. Thus, 
the inflexional tangent at H has equation 
ab(1 - ab)x + b(a+ b - 2)y + (l - a)(l - b)z = 0. 
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The polar conic of H has equation oj lox + a(oj loy) + ab(oj loz) = O. That is, 
-a2bx2 + b(l - a)i + (1 - a)z2 + (a - b - ab)yz 
+ (a2b + a2 + ab - 2a)zx + (a2b2 - a2b - ab2 + 2ab)xy = O. 
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Multiplying by (1 - Wand using the relation - a(1 - W = (1 - a)(1 - ab), this 
equation can be written 
ab(1 - a)(l - ab)x2 + b(l - a)(l - Wi + (1 - a)(l - Wz2 
+ (a - b - ab)(1 - Wyz + a(ab + a + b - 2)(1 - Wzx 
+ ab(ab - a - b + 2)(1 - W xy = O. 
Since H is an inflexion on the curve, it must be possible to write the L.R.S. in the form 
[ab(1 - ab)x + b(a + b - 2)y + (1 - a)(l - b)z] 
x [(1 - a)x + (1 - a)(1 - W y + (1 - W z] 
a + b - 2 
Comparing coefficients of zx, we see that we require a(ab + a + b - 2)(1 - b)3 = 
ab(l - ab)(l - W + (1 - a)2(1 - b). Since b #- 1, this requirement reduces to 
(1 - a)(l - ab) + a(l - W = 0 which is the condition of the theorem above. 
Similarly, comparing coefficients of yz, we see that we require (a - b - ab)(1 - b)3 = 
b(a + b - 2)(1 - W + (1 - a)2(1 - W I(a + b - 2). 
Since b #- 1, this requirement becomes (3ab - b - a - ab2) + {(l - a)2(1 - WI 
(a + b - 2)} = 0 which reduces to 1 - 4ab + a2b + 3ab2 - ab3 = 0; and is again the 
condition of the theorem above. 
Thus, when the latter condition holds, we have that 
and so 
(1 - a)2(1 - W 
a + b - 2 
(1 - a)(1 - b)3 
a + b - 2 
= ab2 - 3ab + a + b, 
1 - b 
1 _ a (ab2 - 2ab + a + b - ab) 
1 - b 
-- [a(b - 1)2 + b(1 - a)] 
1 - a 
a(1 - W + b(l _ b) 
1 - a 
-(1 - ab) + b(1 - b), 
in view of the condition (1 - a)(1 - ab) + a(l - W = O. 
It now follows that the factored form of the equation of the polar conic H should be 
[ab(1 - ab)x + b(a + b - 2)y + (1 - a)(l - b)z] 
x [(1 - a)x + (ab - 1 + b - b2)y + (1 - W z] = O. 
For a final check that this is correct, we compare the coefficients of xy. We require that 
ab(ab - a - b + 2)(1 - W = b(a + b - 2)(1 - a) + ab(1 - ab)(ab - 1 + b - b2 ). 
This equality holds if 1 - 4ab + a2b + 3ab2 - ab3 = 0 and so H is automatically an 
inflexion on the curve. 
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Let us write <p = (1 - a)(1 - ab) + a(l - W = 1 - 4ab + a2b + 3ab2 - ab3 • 
Then an elliptic cubic curve with an exact multiple of eleven points exists in a finite 
projective plane of order q provided that we can find values of a and b (-=f- 0, 1) in GF[q] 
such that <p = 0 and such that the curve 
Z2(X - y) - ax2z + b(l - a)xl + (ab + a - b)xyz = 0 
is non-degenerate. 
For convenience, we may also write <p in the form (1 - a)2 + (l - a)ah + ah3 , where 
h = 1 - b. 
q = 7. If b = 2(h = -1), then <p = 1 - 4a + 2a2 = (1 + a)(l + 2a) mod 7. Thus, 
<p = 0 if b = 2 and a = - 1. In this case, the curve is non-degenerate with equation 
Z2(X - y) + x2z + 4xl - Sxyz = O. 
q = 9. Since x 9 - x = x(x4 - I)(x2 + X - I)(x2 - x-I) mod 3, w is a primitive 
element of GF[9] if w2 = - W + 1. 
If b = 2(h = - 1), then <p = 1 - 4a + 2a2 = 1 - a - a2 mod 3. 
Thus<p = Oifb = 2anda = wor-w + 1. Takingb = 2(= -I)anda = w,weget 
the non-degenerate curve with equation r(x - y) - wrz - (1 - w)xl + xyz = O. 
q = 11. If b = 3(h = - 2), then <p = 1 - I2a + 3d = 1 + lOa + 2Sd(mod 11) = 
(1 + Sa)2. Thus,<p = 0 if b = 3 and a = 2. In this case, the curve is non-degenerate with 
equation Z2(X - y) - 2rz - 3xl + Sxyz = O. 
q = 13. If b = - I(h = 2), then <p = 1 + 8a - a2 = - (a - 2)(a - 6) mod 13. 
Thus, <p = 0 if b = -1 and a = 2. The corresponding curve has equation Z2(X - y) -
2r z + xl + xyz = 0 and is non-degenerate. 
In each of the above four cases, the curve must have exactly eleven points because the 
Hasse-Weil bounds preclude it having as many as twenty-two points. 
q = 8. Since x 8 - x = x(x - 1)(x3 + x2 + I)(x3 + X + 1) mod 2, each element of 
GF[8] distinct from 0, 1 satisfies either x3 + r + 1 = 0 or x 3 + x + 1 = O. Also 
modulo 2, the condition <p = 0 becomes 1 + a(b2 + b3 ) + a2b = 0, where we require 
a, b -=f- 0, 1. 
If b is a root of x 3 + r + 1 = 0 then <p = 1 + a + a2b, so b = (1 + a)ja2 if <p = O. 
Then it follows that a must satisfy the equation 
C ; a J C ; a + 1) + 1 = O. 
That is, (1 + a2)(l + a + a2) + a6 = 0 (mod 2), or 1 + a + a3 + a4 + a6 = O. But 
each element a -=f- 0, 1 of GF[8] satisfies 1 + a + a2 + a3 + a4 + as + a6 = O. These 
relations together imply that a2(a3 + 1) = 0, a contradiction to the fact that a -=f- 0, 1. 
If b is a root of x 3 + x + 1 = 0 then <p = 1 + a(b2 + b + 1) + a2b = (1 + a) + 
(a + a2)b + ab2. If b = w, then w3 = w + 1 and each element a E GF[8] can be written 
in the form a = aw2 + f3w + y, where a, 13, y E GF[2]. Substituting into the expression for 
<p, we get 
<p = 1 + aw2 + f3w + y + (aw2 + f3w + y + a2w4 + f32w2 + y2)W 
+ (aw2 + f3w + Y)W2 
( 1 + a + a2 + 13 + 132 + y) + (a2 + 132 + y + y2)W + (a2 + 13 + y)w2. 
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Since each of IX, p, Y is equal to its own square, <p = 0 if and only if I + y = 0, IX + p = 0 
and IX + p + y = O. The first equation implies that y = I and the last two imply that 
y = O. 
Thus, in a plane of order 8, no values of a, b for which <p = 0 exist and so no curve with 
exactly eleven points exists. 
We show next that in every plane of order 2' with r relatively prime to 5, an elliptic cubic 
curve whose associated group G contains an element of order II has an even number of 
points. In particular, a curve having exactly eleven points does not exist in a plane of order 
16. 
The harmonic polar line of the inflexion H(I , a, ab) has equation t/I == (I - a)x + 
(ab - I + b - b2)y + (I - b)2 Z = O. We show that, in a plane of order 2', where r is 
not a multiple of 5, this line contains the point H and meets the cubic curve again in one 
further point (cf. the case s = 7). Consequently, by Lemma 2, the curve has an even number 
of points. 
Wehavet/lH = (1 + a) + (ab + I + b +b2)a + (I + b)2ab mod 2 = I + a + a2b + 
a + ab + ab2 + ab + ab3 = I + a2 b + ab2 + ab3 = <p = 0, so the harmonic polar 
line t/I = 0 contains H. 
On substituting z = - [(I - a)/(I - W]x - [(ab - I + b - b2)/(1 - W]y into the 
equation r (x - y) - a~z + b(1 - a)xl + (ab + a - b)xyz = 0, we get (modulo 2) 
an expression which simplifies to 
[(1 + a)2 + a(l + W(1 + a)]x3 + [(I + a)2 + a(1 + W(ab + I + b + b2) 
+ (ab + a + b)(l + W(l + a)]x2y + [(ab + I + b + b2)2 + b(1 + a)(l + b)4 
+ (ab + a + b)(1 + b)2(ab + I + b + b2)]xl + (ab + I + b + b2)2l = o. 
We simplify each coefficient in turn (using the relation <p = 0 where appropriate). 
Coefficient of x 3 = (I + a)(1 + ab2 ) = (I + a)(a2b + ab3 ) = ab(l + a) (a + b2). 
Coefficient of x2y = I + a2 + (1 + b2 ) 
x (a2b + a + ab + ab2 + ab + a + b + a2b + a2 + ab) 
I + a2 + (l + b2)(ab2 + ab + b + a2) 
I + b + b3 + ab + ab2 + ab3 + ab4 + a2 b2 
= b + b3 + ab + ab4 + a2 b2 + a2 b 
(since <p = 0 => 1 + ab2 + ab3 = a2 b) 
= ab + b3 + b(l + ab3 + a2b) + a2 b = ab + b3 + b(ab2 ) + a2b 
= b (I + a)(a + b2 ) . 
Coefficient of xl = (ab + I + b + b2)2 
+ b(1 + a)(1 + W + (ab + a + b)(1 + W(ab + I + b + b2 ) 
= a(ab + I + b + b2)2 
because <p == I + a2b + ab2 + ab3 is a factor of the expression (1 + a)(ab + I + b + b2 )2 + 
b(1 + a)(l + b)4 + (ab + a + b)(l + W(ab + I + b + b2). 
It now follows that our cubic equation in x and y simplifies to the form (ax + y ) 
[b(1 + a)(a + b2)~ + (ab + a + b + b2)2l ] = O. So, in addition to the root y = ax 
(which gives H) , there is a repeated root y = J b(l + a)(a + b2)x/(ab + I + b + b2) 
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unless a(ab + + b + b2) = Jb(l + a)(a + b2). Thus, except when the latter con-
dition is satisfied, the polar conic of H has an intersection with the curve which lies in the 
field and so the curve necessarily has an even number of oints. 
The condition a(ab + I + b + b2) = b(l + a)(a + b2) simplifies to b(1 + a) 
(a + b2 ) - a2(~b2 + I + b2 + b4 ) = 0. Eliminating a between this condition and the 
condition ¢ = 0, we get b2(b + l)lOW + b2 + 1) = 0. Since b #- 0, 1, the condition 
holds only if there is an element within the field such that b5 + b2 + 1 = 0. Likewise, 
eliminating b between the two conditions, we get a(a + 1),o(a5 + a3 + a2 + a + 1) = 0. 
Such elements a and b distinct from ° and 1 can exist in a field of characteristic 2 only if 
it is an extension field of GF[25]. Moreover, in such a field both kinds of element do exist 
because r + :r? + 1 and x 5 + x 3 + :r? + x + 1 are both irreducible factors of ~I - 1. 
We may summarize our conclusions into the theorem: 
THEOREM 2. Elliptic cubic curves having an odd multiple of seven points do not exist in any 
finite desarguesian projective plane of order 2', r odd, and such cubic curves having an odd 
multiple of eleven points do not exist in any plane of order 2' ,for which r is relatively prime 
to 5. 
Finally, we look fairly briefly at two cases when s is divisible by 3: namely, the cases s = 6 
and s = 9. In the first of these cases, the curve may have ° or 3 inflexions and in the second, 
it may have 0, 3 or 9. 
ELLIPTIC CUBIC CURVES WITH S POINTS, S = 6 AND 9. 
(1) s = 6 
The group G associated with the curve must be isomorphic to the cyclic group 7l.6 and by 
Lemmas 1 and 5, the curve must have ° or 3 inflexions. Making use also of Lemma 2, we 
find that the arrangement of points and tangents must be as illustrated in Figure 6 if there 
is no inflexion and as in Figure 7 if there are three inflexions. 
In Figure 6, we may choose the points H' == A, 5A, H as reference points (1,0, 0), 
(0, 1,0), (0,0, 1), respectively, and the point 4A as unit point (1, 1, 1). Then the point 2A 
has co-ordinates (0, 1, 1) and the point 3A has co-ordinates of the form (1, 1, a). Since the 
tangents to the curve at the points (1,0,0), (0, 1,0), (0,0, 1) have equations z = 0, 
ax - z = 0, y = 0, respectively, we have al = a3 = ° and /32 = - aa2. So the equation 
H(O,O,'I) 
__ ~~ ________________________ ~~ H'=A 
(1,0,0) 
FIGURE 6. 
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FIGURE 7. 
of the curve takes the form 
1X2/Z + PIX2Z - 1X2a/x + P3z2y + yxyz = 0. 
The tangent to the curve at the point (1, 1, 1) has equation x - z = ° so 21X2 (1 - a) + 
P3 + y = ° and (2PI - 1X2a + y) + (1X2 + PI + 2P3 + y) = 0. 
The tangent to the curve at the point (1, 1, a) has equation ay - z = ° so 2Pl a -
1X2a + ya = ° and (P3a2 + ya) + a(1X2 + PI + 2P3a + y) = 0. 
On solving these four equations, we get PI = 1X2(1 - a), P3 = -1X2 and y = 1X2(2a - I). 
Thence, the equation of the curve takes the form yz(y - z) - ax/ + (1 - a)rz + 
(2a - 1 )xyz = 0. It then follows automatically that the point (0, 1, I) lies on the curve and 
that its tangent has equation (a - l)x + y - z = 0. 
In Figure 7, we may choose the points A, 4A, 3A as reference points (1, 0, 0), (0, I, 0), 
(0,0, 1) and the point H as unit point. Since the tangents to the curve at the points (1,0,0), 
(0,0, 1), (0, I, 1) have equations z = 0, x - y = 0, x + y - z = 0, respectively, and 
since the points (1, 1, 1) and (I, 0, 1) lie on the curve, the curve equation takes the form 
y(y - z)(bx - z) + xz(x - z) = 0. 
We find that the points II (0, 1, 0), 13(1, 0, 1) and 12(1, 1, 1) are then automatically 
Inflexions. The polar conics of these points have the equations (2y - z)(bx - z) = 0, 
(x - y + z){x + (1 - b)y - z} = ° and (x + y){x + (b - I)y - bz} = 0, respec-
tively, where, in each case, the first factor is the harmonic polar line and the second is the 
inflexional tangent. 
It is tedious but not difficult to check that curves of both the above types (and having 
exactly six points) exist in finite desarguesian projective planes of each of the orders for 
which the Hasse-Weil bounds permit: namely, in planes of orders 3, 4, 5, 7, 8, 9, 11 
(cf. De Groote and Hirschfeld [1]). 
(2) s = 9 
By Lemmas 1 and 5, the curve may have 0, 3 or 9 inflexions. If it has nine inflexions, then 
every point except H has order 3 in G and G ~ Z3 X Z3 by Lemma 5. This case occurs, 
for example, on the Hermitian curve x3 + i + Z3 = ° in the desarguesian plane of order 4. 
If the curve has three inflexions and one of them is taken as the zero H for the group G, 
then G has exactly two elements of order 3 and so G ~ Z9 as in Lemma 5. This case is 
illustrated in Figure 8 and we see that the points of the curve and the tangents at these points 
form the configuration of the first minor theorem of Pappus (with six additional lines). In 
fact, if the point U has order 9 in G then the points U, - 2U, 4U form a triangle of tangents 
as do their inverses - U, 2U, - 4U and these two triangles are in perspective from the point 
H (cf. Lemma 3). The remaining two points 3U and - 3U have order 3 in G and must be 
the remaining two inflexions. Then, using preliminary results (e), we get Figure 8. 
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We may take the points 6V, 5V, Vas the reference points for co-ordinates and H as the 
unit point. Then the point 3Vhas co-ordinates (0, 1, 1). The point 4Vlies on the line x = z 
so we may give it co-ordinates (1, a, 1), a =I 1. It follows that the points - V, - 2V, 2V 
have co-ordinates (a, a, 1), (a, a-I, 0), (1, 0, 1 - a), respectively. 
The tangents to the curve at the points (0, 1,0), (0,0, 1), (1,0, 1 - a), (1, a, 1) 
have equations x - az = 0, (a - l)x - ay = 0, (1 - a)x - z = 0, ax - y = 0, 
respectively, and the point (0, 1, 1) lies on the curve, whence the equation must be of the 
form a( yz2 - lz) + (1 - a)xz2 - (1 - a)2rz + xl + (a- 1 - l)ry + 
(a2 - a - a-1)xyz = 0. 
It then follows automatically that the point (1, 1, 1) lies on the curve and that the points 
(1, 0, 0), (0, 1, 1), (1, 1, 1) are inflexions. The harmonic polar line of the point (1, 0, 0), for 
example, has equation 2(1 - a)x + ay - z = 0. 
Finally, let us look briefly at the case when the curve has no inflexions. As usual, let H' 
denote the point at which the tangent to the curve at H (identity for the group G) meets 
the curve again. Likewise, let A denote the point at which the tangent to the curve at H' 
meets the curve again. Then the join of the points A and H' meets the curve again at H' 
so, by preliminary result (c), A and H' are inverses in G. That is, H' = - A. (Figure 9.) If 
the join of the points C and D of the curve passes through H, then the join of this third 
intersection of the chord CD with the curve to His HH and so it meets the curve again at 
H'. Thence, C + D = H' = -A. (Figure 10.) Similarly, if the tangent to the curve at the 
point B passes through H, we have B + B = H' = - A. (Figure 11.) 
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H H'=-A 
A 
FIGURE 9. Chord AH' meets the curve again at H'. The join of this point to H meets the curve again at H, so 
A + H' = O. 
H 
FIGURE 10. Chord CD meets the curve again at H. The join of this point to H meets the curve again at H' so 
C + D = H' = -A. 
H 
FIGURE 11. Chord BB meets the curve again at H. The join of this point to H meets the curve again at H', so 
B + B = H' = -A. 
There are now two cases according as B does or does not coincide with A. If B == A, then 
A + A = -A so A has order 3 in G. If B "I A, then ord B > 3 in G whence B must be 
an element of order 9 and so G ~ 7L.9 • Then, since B + B = - A, we have B = 4A. Using 
preliminary result (c), we note that when K == 4A( == B), the join HK meets the curve again 
at 4A. Hence, the join of - 2A and - 3A must pass through 4A since ( - 2A) + ( - 3A) = 4A. 
Likewise, the tangent to the curve at the point 2A and the join of the points A and 3A must 
pass through 4A. The join of each pair of points whose sum is - A must pass through H 
(Figure 10). Thence we get Figure 12. It is then easy to determine the tangents to the curve 
at the remaining points. For example, the tangent at the point 3A passes through the point 
2A since 3A + 3A = - 3A and the join of H to 2A meets the curve again at the point 
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FIGURE 12. 
H 
----"~;:-----------~ H':-A 
-A+C 
FIGURE 13. 
FIGURE 14. 
- 3A. The tangent at the point A passes through the point - 3A. The tangents to the curve 
at the points -2A, -3A, -4A pass through the points 3A, -4A, -2A, respectively. If B == A, then, as already remarked, the point A has order 3 in G. If G ~ 7L3 X 7L3, every point has order 3 in G. If the point C is a second generator for G, we get the 
configuration of Figure 13, where the tangents to the curve at the points A + C, A - C, 
- A + C, - A - C pass through the points C, - C, A + C, A - C, respectively. When B == A, G ~ 7L9 is not possible because, if D is a generating element for G such that . B == A == 3D (an element of order 3 in G), we get the configuration shown in Figure 14. 
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But then, since ( - D) + (- D) = - 2D, the tangent to the curve at the point - D must 
meet the curve again at the point - D implying that the point - D is an inflexion contrary 
to hypothesis. We defer a more detailed discussion of these cases and of curves having more 
than eleven points to a subsequent paper. 
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